
Pensieve Header: Polynomiality experiments.

ΒSimplify = Simplify;

SetAttributes@ΒCollect, ListableD;

ΒCollect@B@Ω_, Μ_DD := B@
ΒSimplify@ΩD,

Collect@Μ, _h, Collect@ð, _t, ΒSimplifyD &D
D;

H* "L" for "Labels" *L
hL@Β_D := Union@Cases@Β, h@s_D ¦ s, InfinityDD;

tL@Β_D := UnionACasesAΒ, t@s_D Ts_ ¦ s, InfinityEE;

dL@Β_D := Union@hL@ΒD, tL@ΒDD;

ΒForm@B@Ω_, Μ_DD := Module@
8tails, heads, mat<,

tails = tL@B@Ω, ΜDD; heads = hL@B@Ω, ΜDD;

mat = Outer@ΒSimplify@Coefficient@Μ, h@ð1D t@ð2DDD &, heads, tailsD;

PrependTo@mat, t �� tailsD;

mat = Prepend@Transpose@matD, Prepend@h �� heads, ΩDD;

MatrixForm@matD
D;

ΒForm@else_D := else �. Β_B ¦ ΒForm@ΒD;

tm@x_, y_, z_D@Β_D := Β �. 9t@xD ® t@zD, t@yD ® t@zD, Tx ® Tz, Ty ® Tz=;

hm@x_, y_, z_D@B@Ω_, Μ_DD := Module@
8Γx = D@Μ, h@xDD, Γy = D@Μ, h@yDD, M = Μ �. h@xD h@yD ® 0<,

B@Ω, M + h@zD HΓx + Γy + HΓx �. t@i_D ¦ 1L ΓyLD �� ΒCollect

D;

thswap@y_, x_D@B@Ω_, Μ_DD := ModuleA
8Α, Β, Γ, ∆, Ε<,

Α = Coefficient@Μ, h@xD t@yDD;

Β = D@Μ, t@yDD �. h@xD ® 0;

Γ = D@Μ, h@xDD �. t@yD ® 0;

∆ = Μ �. h@xD t@yD ® 0;

Ε = 1 + Α;

BAΩ * Ε, PlusA
Α I1 + HΓ �. t@i_D ¦ 1L � ΕM h@xD t@yD,

Β I1 + HΓ �. t@i_D ¦ 1L � ΕM t@yD,

Γ � Ε h@xD,

∆ - 1 � Ε Γ * Β

EE �� ΒCollect

E;

dm@x_, y_, z_D@Β_D := Β �� thswap@x, yD �� hm@x, y, zD �� tm@x, y, zD;

B �: B@Ω1_, Μ1_D B@Ω2_, Μ2_D := B@Ω1 * Ω2, Μ1 + Μ2D;

Rp@x_, y_D := B@1, HT - 1L * t@xD h@yDD;

Rm@x_, y_D := B@1, H1 � T - 1L * t@xD h@yDD;

Unprotect@NonCommutativeMultiplyD;

Β_ ** Ν_ := ModuleA
8Ρ, Σ, labels<,

Ρ = Β * IΝ �. 9h@s_D ¦ h@Σ@sDD, t@s_D ¦ t@Σ@sDD, Ts_ ¦ TΣ@sD=M;

labels = UnionACasesA8Β, Ν<, h@s_D t@s_D Ts_ ¦ s, InfinityEE;

Do@



Ρ = Ρ �� dm@s, Σ@sD, sD,

8s, labels<
D;

Ρ

E;

Format@Β_B, StandardFormD := ΒForm@ΒD;

Rp@1, 2D

K 1 h@2D
t@1D -1 + T

O

Rp@1, 2D ** Rm@2, 1D

1 h@1D h@2D
t@1D 0

-1+T

T

t@2D -1 +

1

T
-2 +

1

T
+ T

Rp@1, 2D ** Rm@2, 1D ** Rp@2, 3D

1 h@1D h@2D h@3D
t@1D 0

-1+T

T
0

t@2D -1 +

1

T
-2 +

1

T
+ T -1 + T

Rp@1, 2D ** Rm@2, 1D ** Rp@2, 3D �� dm@1, 2, 1D

2 -

1

T
h@1D h@3D

t@1D 0 -1 + T

HRp@1, 2D ** Rm@2, 1D ** Rp@2, 3D �� dm@1, 2, 1DL ** Rm@2, 3D

2 -

1

T
h@3D

t@1D -1 + T

t@2D 1 - T

HRp@1, 2D ** Rm@2, 1D ** Rp@2, 3D �� dm@1, 2, 1DL ** Rm@2, 3D ** Rp@3, 1D

2 -

1

T
h@1D h@3D

t@1D 0 H-1 + TL T

t@2D 0 1 - T

t@3D -1 + T -H-1 + TL2

HRp@1, 2D ** Rm@2, 1D ** Rp@2, 3D �� dm@1, 2, 1DL ** Rm@2, 3D ** Rp@3, 1D ** Rp@1, 2D

2 -

1

T
h@1D h@2D h@3D

t@1D 0 -1 + T 1 - 3 T + 2 T2

t@2D 0 0 -H-1 + TL T

t@3D -1 + T 0 -H-1 + TL2

HRp@1, 2D ** Rm@2, 1D ** Rp@2, 3D �� dm@1, 2, 1DL **

Rm@2, 3D ** Rp@3, 1D ** Rp@1, 2D �� dm@3, 1, 1D
-1 + 2 T h@1D h@2D

t@1D -1 + T2
-1 + T

t@2D -H-1 + TL T 0
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Rm@2, 1D ** HHRp@1, 2D ** Rm@2, 1D ** Rp@2, 3D �� dm@1, 2, 1DL **

Rm@2, 3D ** Rp@3, 1D ** Rp@1, 2D �� dm@3, 1, 1DL
-1 + 2 T h@1D h@2D

t@1D 2 H-1 + TL -1 + T

t@2D 2 - 2 T 0

Rm@2, 1D ** Rm@2, 1D **

HHRp@1, 2D ** Rm@2, 1D ** Rp@2, 3D �� dm@1, 2, 1DL ** Rm@2, 3D ** Rp@3, 1D ** Rp@1, 2D ��
dm@3, 1, 1DL

-1 + 2 T h@1D h@2D
t@1D -

1

T
+ T -1 + T

t@2D -1 +

2

T
- T 0

Rm@1, 3D ** Rm@2, 1D ** Rm@2, 1D **

HHRp@1, 2D ** Rm@2, 1D ** Rp@2, 3D �� dm@1, 2, 1DL ** Rm@2, 3D **

Rp@3, 1D ** Rp@1, 2D �� dm@3, 1, 1DL
-1 + 2 T h@1D h@2D h@3D

t@1D -

1

T
+ T -1 + T -1 +

2

T2
-

2

T
+ T

t@2D -1 +

2

T
- T 0 -

2-3 T+T3

T2

Rm@1, 3D ** Rm@2, 1D ** Rm@2, 1D **

HHRp@1, 2D ** Rm@2, 1D ** Rp@2, 3D �� dm@1, 2, 1DL ** Rm@2, 3D ** Rp@3, 1D ** Rp@1, 2D ��
dm@3, 1, 1DL �� dm@2, 3, 1D

5 +

2

T2
-

7

T
+ 3 T - 2 T2 h@1D

t@1D -1 +

1

T

Rm@1, 3D ** Rm@2, 1D ** Rm@2, 1D **

HHRp@1, 2D ** Rm@2, 1D ** Rp@2, 3D �� dm@1, 2, 1DL ** Rm@2, 3D **

Rp@3, 1D ** Rp@1, 2D �� dm@3, 1, 1DL
-1 + 2 T h@1D h@2D h@3D

t@1D -

1

T
+ T -1 + T -1 +

2

T2
-

2

T
+ T

t@2D -1 +

2

T
- T 0 -

2-3 T+T3

T2

Knot[8, 17] calculation:

Rm@12, 1D

1 h@1D
t@12D -1 +

1

T

Rm@12, 1D Rm@2, 7D �� dm@1, 2, 1D

1 h@1D h@7D
t@1D 0 -1 +

1

T

t@12D -1 +

1

T
0

120406 Calculator.nb  3



HRm@12, 1D Rm@2, 7D �� dm@1, 2, 1DL Rm@8, 3D �� dm@1, 3, 1D

1 h@1D h@7D
t@1D 0

1-T

T2

t@8D 1-T

T2
-I-1 +

1

T
M2

t@12D -1 +

1

T
0

HHRm@12, 1D Rm@2, 7D �� dm@1, 2, 1DL Rm@8, 3D �� dm@1, 3, 1DL Rm@4, 11D �� dm@1, 4, 1D

1 h@1D h@7D h@11D
t@1D 0

1-T

T2
-1 +

1

T

t@8D 1-T

T2
-I-1 +

1

T
M2

0

t@12D -1 +

1

T
0 0

HHHRm@12, 1D Rm@2, 7D �� dm@1, 2, 1DL Rm@8, 3D �� dm@1, 3, 1DL Rm@4, 11D �� dm@1, 4, 1DL
Rp@16, 5D �� dm@1, 5, 1D

1 h@1D h@7D h@11D
t@1D 0 -1 +

1

T
1 - T

t@8D 1-T

T2
-I-1 +

1

T
M2

0

t@12D -1 +

1

T
0 0

t@16D -1+T

T2

H-1+TL2

T2
-2 +

1

T
+ T

HHHHRm@12, 1D Rm@2, 7D �� dm@1, 2, 1DL Rm@8, 3D �� dm@1, 3, 1DL Rm@4, 11D �� dm@1, 4, 1DL
Rp@16, 5D �� dm@1, 5, 1DL Rp@6, 13D �� dm@1, 6, 1D

1 h@1D h@7D h@11D h@13D
t@1D 0 -1 +

1

T
1 - T -1 + T

t@8D 1-T

T2
-I-1 +

1

T
M2

0 0

t@12D -1 +

1

T
0 0 0

t@16D -1+T

T2

H-1+TL2

T2
-2 +

1

T
+ T 0

HHHHRm@12, 1D Rm@2, 7D �� dm@1, 2, 1DL Rm@8, 3D �� dm@1, 3, 1DL Rm@4, 11D �� dm@1, 4, 1DL
Rp@16, 5D �� dm@1, 5, 1DL Rp@6, 13D �� dm@1, 6, 1D �� dm@1, 7, 1D

1

T
h@1D h@11D h@13D

t@1D 1-T

T2
1 - T -1 + T

t@8D -1 +

1

T
-

H-1+TL3

T

H-1+TL3

T

t@12D -1 +

1

T
0 0

t@16D -1+T

T
H-1 + TL2

-

H-1+TL3

T
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HHHHRm@12, 1D Rm@2, 7D �� dm@1, 2, 1DL Rm@8, 3D �� dm@1, 3, 1DL Rm@4, 11D �� dm@1, 4, 1DL
Rp@16, 5D �� dm@1, 5, 1DL

Rp@6, 13D �� dm@1, 6, 1D �� dm@1, 7, 1D �� dm@11, 12, 11D
1

T
h@1D h@11D h@13D

t@1D 1-T

T2
1 - T -1 + T

t@8D -1 +

1

T
-

H-1+TL3

T

H-1+TL3

T

t@11D -1 +

1

T
0 0

t@16D -1+T

T
H-1 + TL2

-

H-1+TL3

T

HHHHRm@12, 1D Rm@2, 7D �� dm@1, 2, 1DL Rm@8, 3D �� dm@1, 3, 1DL Rm@4, 11D �� dm@1, 4, 1DL
Rp@16, 5D �� dm@1, 5, 1DL Rp@6, 13D ��

dm@1, 6, 1D �� dm@1, 7, 1D �� dm@11, 12, 11D �� dm@11, 13, 11D
1

T
h@1D h@11D

t@1D -2 +

1

T2
+ T -

H-1+TL2

T

t@8D 5 +

1

T2
-

3

T
- 4 T + T2

-

H-1+TL4

T2

t@11D 1 - T 0

t@16D -5 -

1

T2
+

3

T
+ 4 T - T2 H-1+TL2 I1-T+T2M

T2

HHHHRm@12, 1D Rm@2, 7D �� dm@1, 2, 1DL Rm@8, 3D �� dm@1, 3, 1DL Rm@4, 11D �� dm@1, 4, 1DL
Rp@16, 5D �� dm@1, 5, 1DL Rp@6, 13D �� dm@1, 6, 1D ��

dm@1, 7, 1D �� dm@11, 12, 11D �� dm@11, 13, 11D �� dm@1, 8, 1D
1

T
h@1D h@11D

t@1D 3 +

2

T2
-

3

T
- 3 T + T2

-

H-1+TL2 I1-T+T2M
T2

t@11D 1 - T 0

t@16D -5 -

1

T2
+

3

T
+ 4 T - T2 H-1+TL2 I1-T+T2M

T2

HHHHHRm@12, 1D Rm@2, 7D �� dm@1, 2, 1DL Rm@8, 3D �� dm@1, 3, 1DL Rm@4, 11D �� dm@1, 4, 1DL
Rp@16, 5D �� dm@1, 5, 1DL Rp@6, 13D �� dm@1, 6, 1D �� dm@1, 7, 1D ��

dm@11, 12, 11D �� dm@11, 13, 11D �� dm@1, 8, 1DL Rp@14, 9D
1

T
h@1D h@9D h@11D

t@1D 3 +

2

T2
-

3

T
- 3 T + T2 0 -

H-1+TL2 I1-T+T2M
T2

t@11D 1 - T 0 0

t@14D 0 -1 + T 0

t@16D -5 -

1

T2
+

3

T
+ 4 T - T2 0

H-1+TL2 I1-T+T2M
T2

HHHHHRm@12, 1D Rm@2, 7D �� dm@1, 2, 1DL Rm@8, 3D �� dm@1, 3, 1DL Rm@4, 11D �� dm@1, 4, 1DL
Rp@16, 5D �� dm@1, 5, 1DL Rp@6, 13D �� dm@1, 6, 1D ��

dm@1, 7, 1D �� dm@11, 12, 11D �� dm@11, 13, 11D �� dm@1, 8, 1DL
Rp@14, 9D �� dm@11, 14, 11D �� dm@1, 9, 1D
1

T
h@1D h@11D

t@1D -3 +

2

T
+ 3 T - 3 T2

+ T3
-

H-1+TL2 I1-T+T2M
T

t@11D -

H-1+TL3 I1-T+T2M
T2

H-1+TL3 I1-T+T2M
T2

t@16D -5 -

1

T2
+

3

T
+ 4 T - T2 H-1+TL2 I1-T+T2M

T2
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HHHHHHRm@12, 1D Rm@2, 7D �� dm@1, 2, 1DL Rm@8, 3D �� dm@1, 3, 1DL Rm@4, 11D �� dm@1, 4, 1DL
Rp@16, 5D �� dm@1, 5, 1DL Rp@6, 13D �� dm@1, 6, 1D ��

dm@1, 7, 1D �� dm@11, 12, 11D �� dm@11, 13, 11D �� dm@1, 8, 1DL
Rp@14, 9D �� dm@11, 14, 11D �� dm@1, 9, 1DL Rp@10, 15D

1

T
h@1D h@11D h@15D

t@1D -3 +

2

T
+ 3 T - 3 T2

+ T3
-

H-1+TL2 I1-T+T2M
T

0

t@10D 0 0 -1 + T

t@11D -

H-1+TL3 I1-T+T2M
T2

H-1+TL3 I1-T+T2M
T2

0

t@16D -5 -

1

T2
+

3

T
+ 4 T - T2 H-1+TL2 I1-T+T2M

T2
0

HHHHHHRm@12, 1D Rm@2, 7D �� dm@1, 2, 1DL Rm@8, 3D �� dm@1, 3, 1DL Rm@4, 11D �� dm@1, 4, 1DL
Rp@16, 5D �� dm@1, 5, 1DL Rp@6, 13D �� dm@1, 6, 1D �� dm@1, 7, 1D ��

dm@11, 12, 11D �� dm@11, 13, 11D �� dm@1, 8, 1DL Rp@14, 9D ��
dm@11, 14, 11D �� dm@1, 9, 1DL Rp@10, 15D �� dm@1, 10, 1D

1

T
h@1D h@11D h@15D

t@1D -3 +

2

T
+ 3 T - 3 T2

+ T3
-

H-1+TL2 I1-T+T2M
T

-1 + T

t@11D -

H-1+TL3 I1-T+T2M
T2

H-1+TL3 I1-T+T2M
T2

0

t@16D -5 -

1

T2
+

3

T
+ 4 T - T2 H-1+TL2 I1-T+T2M

T2
0

HHHHHHRm@12, 1D Rm@2, 7D �� dm@1, 2, 1DL Rm@8, 3D �� dm@1, 3, 1DL Rm@4, 11D �� dm@1, 4, 1DL
Rp@16, 5D �� dm@1, 5, 1DL Rp@6, 13D �� dm@1, 6, 1D �� dm@1, 7, 1D ��

dm@11, 12, 11D �� dm@11, 13, 11D �� dm@1, 8, 1DL Rp@14, 9D ��
dm@11, 14, 11D �� dm@1, 9, 1DL Rp@10, 15D �� dm@1, 10, 1D �� dm@11, 15, 11D

1

T
h@1D h@11D

t@1D 8 +

1

T2
-

3

T
- 11 T + 8 T2

- 4 T3
+ T4

-

H-1+TL I-1+3 T-6 T2
+5 T3

-3 T4
+T5M

T2

t@11D -

H-1+TL3 I1-T+T2M
T

H-1+TL3 I1-T+T2M
T

t@16D -5 -

1

T2
+

3

T
+ 4 T - T2 H-1+TL2 I1-T+T2M

T2

HHHHHHRm@12, 1D Rm@2, 7D �� dm@1, 2, 1DL Rm@8, 3D �� dm@1, 3, 1DL Rm@4, 11D �� dm@1, 4, 1DL
Rp@16, 5D �� dm@1, 5, 1DL Rp@6, 13D �� dm@1, 6, 1D ��

dm@1, 7, 1D �� dm@11, 12, 11D �� dm@11, 13, 11D �� dm@1, 8, 1DL
Rp@14, 9D �� dm@11, 14, 11D �� dm@1, 9, 1DL Rp@10, 15D ��

dm@1, 10, 1D �� dm@11, 15, 11D �� dm@11, 16, 11D
1

T
h@1D h@11D

t@1D 8 +

1

T2
-

3

T
- 11 T + 8 T2

- 4 T3
+ T4

-

H-1+TL I-1+3 T-6 T2
+5 T3

-3 T4
+T5M

T2

t@11D -9 -

1

T2
+

4

T
+ 11 T - 8 T2

+ 4 T3
- T4 H-1+TL2 I1-T+T2M2

T2

HHHHHHRm@12, 1D Rm@2, 7D �� dm@1, 2, 1DL Rm@8, 3D �� dm@1, 3, 1DL Rm@4, 11D �� dm@1, 4, 1DL
Rp@16, 5D �� dm@1, 5, 1DL Rp@6, 13D �� dm@1, 6, 1D ��

dm@1, 7, 1D �� dm@11, 12, 11D �� dm@11, 13, 11D �� dm@1, 8, 1DL
Rp@14, 9D �� dm@11, 14, 11D �� dm@1, 9, 1DL Rp@10, 15D ��

dm@1, 10, 1D �� dm@11, 15, 11D �� dm@11, 16, 11D �� dm@1, 11, 1D

11 -

1

T3
+

4

T2
-

8

T
- 8 T + 4 T2

- T3 h@1D
t@1D 0

6   120406 Calculator.nb


